A generalized Boolean ring is a ring R such that, for all x, y in R\(N∪C), x n y -xy n ∈ (N∩C), where n is a fixed even integer, and N , C are the set of nilpotents and center of R, respectively. A Boolean-like ring is a ring R such that, for all x ,y ∈ R\(N∪C), x n y ൌ xy n , where again n is a fixed even integer. The commutativity behavior of these rings is considered. In particular, it is proved that a Boolean-like ring with identity is commutative.
Definition 1. Let n be a fixed positive even integer. A ring R is called a generalized Boolean ring if (1) x
n y -xy n ∈(N∩C) for all x, y in R\(N∪C), (n even).
R is called a Boolean -like ring if (2) x
n y -xy n = 0 for all x, y ∈ R\(N∪C), (n even).
In preparation for the proofs of the main theorems, we state the following lemmas.
Lemma 1. ([1]) Suppose R is a ring in which each element x is central or potent in the sense that x
k = x for some k > 1. Then R is commutative.
Lemma 2. Suppose R is a ring and x ∈ R. Suppose that (3) x
m -x m+1 f (x) ∈ N, m a positive integer and f ( λ ) ∈ Z [ λ ].
Then x -x 2 f(x) ∈ N.
Proof. Note that (x -x 2 f(x)) m = (x -x 2 f(x) ) x m-1 g(x) , for some g ( λ ) ∈ Z [ λ ].
= ( x m -x m+1 f (x) ) g(x) ∈ N, and hence x -x 2 f(x) ∈ N, proving the lemma.
Lemma 3. Suppose R is a generalized Boolean ring. Then, (4) For all x∈R, either x ∈C or 2x∈N.
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Proof. By contradiction. Suppose that x∈R, x∉C and 2x∉N. Then -x∉C and -x∉N, and hence by (1), x n (-x)-x(-x) n ∈N, n even. Hence 2x n+1 ∈N, which implies that 2x∈N, contradiction, which proves the lemma.
Lemma 4. Suppose R is a generalized Boolean ring, and suppose all idempotents are central. Then, N ⊆ J, (J is the Jacobson radical of R).
Proof. Let a∈N, x∈R. If ax∈N, then ax is right quasi regular (r.q.r.). Also, since ax∈C implies ax∈N, it follows that ax∈C implies ax is r.q.r. A similar argument shows that (ax)
2 ∈N implies ax is r.q.r. Since n+2 ≠ 2n+1, we conclude that
and hence (ax) q = (ax) q (ax g(ax)) = …. = (ax) q (ax g(ax)) q .
Therefore, (5) (ax) q = (ax) q e, e 2 =e∈aR, e = (ax g(ax)) q .
Hence, for some r ∈ R, e = e.e = e(ar) = aer ( since e is central).
By re-iterating, we see that e = aer = a 2 er 2 =…= a k er k for all positive integer k. Since a∈N, a k = 0 for some k, and thus e = 0, which implies by (5) that (ax) q =0. Thus, ax is r.q.r.
This shows that ax is r.q.r. for all a∈N, x∈R, and hence a∈J, which proves the lemma.
We are in a position to prove the main theorems Proof. Suppose x∈R, x ∉ C. We now distinguish two cases.
Since N ⊆ C , (1) implies that (6) x n y -x y n ∈ N for all x, y ∈ R\C.
Also, since x∉C and x 2 ∉C, it follows by (6) that x n (x 2 ) -x(x 2 ) n ∈ N and hence x n+2 -x 2n+1 ∈ N, which implies by Lemma 2 that x -x n ∈N ⊆ C. Thus, x -x n ∈C for all x in R, and hence by a well known theorem of Herstein [2] , R is commutative.
In this case, x -x 2 ∉C (since x∉C), and hence by (6)
which implies that
Therefore,
Since x∉C, 2x∈N (by Lemma 3), and hence nx∈N ( since n is even), which implies that (8) nx n+2 ∈N.
Thus, (n-1)x n+2 -x n+3 g(x) and nx n+2 are two commuting nilpotents, and hence their difference is in N; that is, -x n+2 -x n+3 g(x) ∈ N. Therefore, by the proof of Lemma 2,
Thus x -x 2 f(x) ∈ C ( since N ⊆ C ) for all x ∈ R, which implies that R is commutative, by [2] . This proves the theorem.
Theorem 3. Suppose R is a generalized Boolean ring with identity. Then all idempotents of R are central.
Proof. Let e 2 =e ∈R, x ∈ R, and let a = xe -exe, suppose a ≠ 0. Since a∈N, 1+ a ∉ N.
Moreover, 1+a∉C, since 1+ a ∈ C implies that a∈ C, and hence ae = ea; that is, a = 0, contradiction. Thus (1+ a) ∉ (N∪C). Moreover, a ≠ 0, e ∉ (N∪C). So, by (1), (1+a) n e -(1+a) e n ∈ C, which implies that nae -ae ∈C; which implies (n -1)a = 0 since ae=a and ea=0. Moreover, since a ≠ 0, e ≠ 0, and hence -e ≠ 0, which implies that -e ∉ (N∪C), and e ∉ (N∪C). Therefore, by (1),
(-e) n e-(-e)e n ∈C, and hence, since n is even, 2e ∈ C. Thus, a(2e) = (2e)a, which implies that 2a = 0. The net result is: (9) (n -1) a = 0 and 2a = 0. Since n is even, (9) implies that a=0, contradiction. Hence, a = 0, and thus xe = exe. Similarly, ex = exe, and the Theorem is proved.
Theorem 4. Suppose R is a generalized Boolean ring with identity. Then N is an ideal and R/N is commutative (and thus the commutator ideal of R is nil).
Proof. By Theorem 3, all idempotents of R are central, and hence by Lemma 4, N ⊆ J, where J is the Jacobson radical of R. We claim that (10) J ⊆ N∪C. Suppose not. Let j∈J, j∉(N∪C). Then, 1+j ∉(N∪C), and hence by (1), (1+j) n j -(1+j) j n ∈N, which implies that j -j
and hence j ∈ N, contradiction. This contradiction proves (10). Hence (11) N ⊆ J ⊆ N∪C. We claim that (12) N is an ideal of R.
To prove this, suppose a ∈ N, x ∈ R. Then, by (11), a ∈ J, x ∈ R and hence ax ∈ J ⊆ N∪C (by (11)). Hence ax ∈ N or ax ∈ C (which also implies that ax ∈ N), which proves that ax ∈ N. Similarly xa ∈ N. Next, suppose a ∈ N, b ∈ N, Then a ∈ J, b ∈ J (by (11)), and hence a -b ∈ J ⊆ N∪C (by (11)). So, a -b∈ N or a -b ∈ C. If a -b ∈ C, then a commutes with b, and hence a -b ∈ N again, which proves (12). Let S = R / N. Then, by (1), (13) x n y = xy n for all noncentral elements of S. Moreover, S has an identity. Now suppose x is a noncentral element of S. Then, 1+x is also a noncentral element of S, and hence by (13), x n (1+x) = x(1+x) n . Therefore, for all noncentral elements x in S,
x -x 2 f(x) = 0 for some f ( λ ) ∈ Z [ λ ], which implies x -x 2 f(x) is in the center of S, for all elements x of S. Hence, by Herstein's theorem [2] , S is commutative; that is, R/N is commutative, which proves the theorem.
Theorem 5. Suppose R is a generalized Boolean ring with identity, and suppose (14) N ∩ J is commutative.
Then R is commutative.
Proof. By Theorem 4, N is an ideal, and hence N ⊆ J, which implies by (14) , that (15) N is a commutative ideal of R. We claim (16) [a , x]x = 0 for all a ∈ N, x ∈ R. The proof is by contradiction. Suppose that for some a ∈ N, x ∈ R, [a , x] x ≠ 0, which implies x∉N (by (15)) and, of course, x ∉ C. So x ∉ (N∪C). Moreover, 1 1+ a ∉C (since [a , x] x ≠ 0) and 1 + a ∉N, which implies that 1+a ∉ (N∪C). Hence, by (1), (17) (1+a) n x -(1+a) x n ∈ N∩C. Now, since N is an ideal (see (15)) and a ∈ N, (17) implies that (18) x -x n ∈ N.
Moreover, since N is a commutative ideal (see (15)), N 2 ⊆ C. Also, (17) clearly implies
Thus, by (19), To complete the proof, since (16) is true for all x in R, we may replace x by x+1 in the above argument to obtain (see (24)) (25) [a , x+1] (x+1) = 0. In view of (24) and (25), we see that [a , x] = 0 for all a ∈ N, x ∈ R, which proves that (26) N ⊆ C The theorem now follows from Theorem 2 and (26). In order to deal with the case where R does not have an identity in Theorem 5, we introduce the following 
Theorem 6. Suppose R is a generalized Boolean ring, not necessarily with identity, and suppose, further, R is a weakly periodic-like ring and all the idempotents of R are central. Then N is an ideal and R/N is commutative (and thus the commutator ideal of R is nil) .
Proof. By Lemma 4, N ⊆ C. We now prove that (28) J ⊆ N∪C. Suppose not, let j ∈ J, j ∉ N, j ∉ C. Then, by (27), (29) j = a +b, a ∈ N, b k = b for some k>1, (j ∉ C).
By (29), we see that (30) j -a = ( j -a) k , and hence ݆ െ ܽ =ሺ݆ െ ܽሻ for all positive integers m. This proves (28). A combination of N ⊆ J and (28) yields (31) N ⊆ J ⊆ N U C In the proof of Theorem 4, it was shown that in any ring R, (31) implies that (32) N is an ideal. Next we show that (33) for any x ∈ R, either x ∈ C or x -x k ∈ N for some k>1.
To see this, note that by Definition 2, (34) x = a + b , a ∈ N, b k = b for some k>1, x ∈ R\C, and hence (35) x -a = ( x -a) k , k>1, (a ∈ N, x ∈ R\C).
Combining (32) and (35), we obtain (33). Therefore, by (32) and (33), we see that every element of R/N is central or potent (satisfying x k = x, x ∈ R/N, k>1), and hence by a Theorem of Bell (Lemma 1), R/N is commutative, which proves the theorem. We now focus our attention on Boolean-like rings.
Theorem 8. A Boolean-like ring with identity is commutative.
Proof. First, we prove that By (43) and (41), we see that (44) (n -1) [a σo-1 , u] =0 , n even.
Since u ∉ C, 2u ∈ N ( by Lemma 3), and hence (2u)u -1 ∈ N; that is, 2 ∈ N, which implies that R is of characteristic 2 k for some k ≥ 1, and thus ; n = 7.
